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LAPLACE OPERATORS AND DIFFUSIONS
IN TANGENT BUNDLES OVER POISSON
SPACES
SERGIO ALBEVERIO, ALEXEI DALETSKII,
AND EUGENE LYTVYNOV
Abstract
Spaces of differential forms over configuration spaces with Poisson mea-
sures are constructed. The corresponding Laplacians (of Bochner and de
Rham type) on 1-forms and associated semigroups are considered. Their
probabilistic interpretation is given.
1 Introduction
Stochastic differential geometry of infinite-dimensional manifolds has been a very
active topic of research in recent times. One of the important and intriguing prob-
lems discussed concerns the construction of spaces of differential forms over such
manifolds and the study of the corresponding Laplace operators and associated
(stochastic) cohomologies. A central role in this framework is played by the concept
of the Dirichlet operator of a differentiable measure, which is actually an infinite-
dimensional generalization of the Laplace–Beltrami operator on functions, respec-
tively the Laplace–Witten–de Rham operator on differential forms. The study of
the latter operator and the associated semigroup on finite-dimensional manifolds was
the subject of many works, and it leads to deep results on the border of stochastic
analysis, differential geometry and topology, and mathematical physics, see, e.g.,
[22], [19], [23]. Dirichlet forms on Clifford algebras were considered in [26]. In an
infinite-dimensional situation, such questions were discussed in the flat case in [11],
[12], [13], [4]. A regularized heat semigroup on differential forms over the infinite-
dimensional torus was studied in [15]. A study of such questions on general infinite
product manifolds was given in [2], [3]. The case of loop spaces was considered in
[28], [30].
At the same time, there is a growing interest in geometry and analysis on Poisson
spaces, i.e., on spaces of locally finite configurations in non-compact manifolds,
equipped with Poisson measures. In [5], [6], [7], an approach to these spaces as
to infinite-dimensional manifolds was initiated. This approach was motivated by
the connection of such spaces with the theory of representations of diffeomorphism
groups, see [25], [36], [27] (these references and [7], [9] also contain discussion of
relations with quantum physics). We refer the reader to [8], [9], [35], and references
therein for further discussion of analysis on Poisson spaces and applications.
In the present work, we develop this point of view. We define spaces of dif-
ferential forms over Poisson spaces. Next, we define and study Laplace operators
acting in the spaces of 1-forms. We show, in particular, that the corresponding de
Rham Laplacian can be expressed in terms of the Dirichlet operator on functions
on the Poisson space and the Witten Laplacian on the initial manifold associated
with the intensity of the corresponding Poisson measure. We give a probabilistic
interpretation and investigate some properties of the associated semigroups. Let us
remark that the study of Laplacians on n-forms by our methods is also possible, but
it leads to more complicated constructions. It will be given in a forthcoming paper.
The main general aim of our approach is to develop a framework which extends to
Poisson spaces (as infinite-dimensional manifolds) the finite-dimensional Hodge–de
Rham theory.
A different approach to the construction of differential forms and related ob-
jects over Poisson spaces, based on the “transfer principle” from Wiener spaces, is
proposed in [34], see also [32] and [33].
2 Differential forms over configuration spaces
The aim of this section is to define differential forms over configuration spaces (as
infinite-dimensional manifold). First, we recall some known facts and definitions
concerning “manifold-like” structures and functional calculus on these spaces.
2.1 Functional calculus on configuration spaces
Our presentation in this subsection is based on [7], however for later use in the
present paper we give a different description of some objects and results occurring
in [7].
Let X be a complete, connected, oriented, C∞ (non-compact) Riemannian man-
ifold of dimension d. We denote by 〈•, •〉x the corresponding inner product in the
tangent space TxX to X at a point x ∈ X . The associated norm will be denoted by
| • |x. Let also ∇X stand for the gradient on X .
The configuration space ΓX over X is defined as the set of all locally finite subsets
(configurations) in X :
ΓX := { γ ⊂ X | |γ ∩ Λ| <∞ for each compact Λ ⊂ X } .
Here, |A| denotes the cardinality of the set A.
We can identify any γ ∈ ΓX with the positive integer-valued Radon measure∑
x∈γ
εx ⊂M(X),
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where εx is the Dirac measure with mass at x,
∑
x∈∅ εx :=zero measure, andM(X)
denotes the set of all positive Radon measures on the Borel σ-algebra B(X). The
space ΓX is endowed with the relative topology as a subset of the spaceM(X) with
the vague topology, i.e., the weakest topology on ΓX such that all maps
ΓX ∋ γ 7→ 〈f, γ〉 :=
∫
X
f(x) γ(dx) ≡
∑
x∈γ
f(x)
are continuous. Here, f ∈ C0(X)(:=the set of all continuous functions on X with
compact support). Let B(ΓX) denote the corresponding Borel σ-algebra.
Following [7], we define the tangent space to ΓX at a point γ as the Hilbert space
TγΓX := L
2(X → TX ; dγ),
or equivalently
TγΓX =
⊕
x∈γ
TxX. (1)
The scalar product and the norm in TγΓX will be denoted by 〈•, •〉γ and ‖•‖γ ,
respectively. Thus, each V (γ) ∈ TγΓX has the form V (γ) = (V (γ)x)x∈γ, where
V (γ)x ∈ TxX , and
‖V (γ)‖2γ =
∑
x∈γ
|V (γ)x|2x.
Let γ ∈ ΓX and x ∈ γ. By Oγ,x we will denote an arbitrary open neighborhood
of x in X such that the intersection of the closure of Oγ,x in X with γ \ {x} is the
empty set. For any fixed finite subconfiguration {x1, . . . , xk} ⊂ γ, we will always
consider open neighborhoods Oγ,x1 , . . . ,Oγ,xk with disjoint closures.
Now, for a measurable function F : ΓX → R, γ ∈ ΓX , and {x1, . . . , xk} ⊂ γ, we
define a function Fx1,...,xk(γ, •) : Oγ,x1 × · · · × Oγ,xk → R by
Oγ,x1 × · · · × Oγ,xk ∋ (y1, . . . , yk) 7→ Fx1,...,xk(γ, y1, . . . , yk) :=
= F ((γ \ {x1, . . . , xk}) ∪ {y1, . . . , yk}) ∈ R.
Since we will be interested only in the local behavior of the function Fx1,...,xk(γ, •)
around the point (x1, . . . , xk), we will not write explicitly which neighborhoods Oγ,xi
we use.
Definition 1 We say that a function F : ΓX → R1 is differentiable at γ ∈ ΓX if for
each x ∈ γ the function Fx(γ, ·) is differentiable at x and
∇ΓF (γ) = (∇ΓF (γ)x)x∈γ ∈ TγΓX ,
where
∇ΓF (γ)x := ∇XFx(γ, x).
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We will call ∇ΓF (γ) the gradient of F at γ.
For a function F differentiable at γ and a vector V (γ) ∈ TγΓX , the directional
derivative of F at the point γ along V (γ) is defined by
∇ΓV F (γ) := 〈∇ΓF (γ), V (γ)〉γ.
In what follows, we will also use the shorthand notation
∇Xx F (γ) := ∇XFx(γ, x), (2)
so that ∇ΓF (γ) = (∇Xx F (γ))x∈γ. It is easy to see that the operation ∇Γ satisfies
the usual properties of differentiation, including the Leibniz rule.
We define a class FC∞b (ΓX) of smooth cylinder functions on ΓX as follows:
Definition 2 A measurable bounded function F : ΓX → R1 belongs to FC∞b (ΓX)
iff:
(i) there exists a compact Λ ⊂ X such that F (γ) = F (γΛ) for all γ ∈ ΓX , where
γΛ := γ ∩ Λ;
(ii) for any γ ∈ ΓX and {x1, . . . , xk} ⊂ γ, k ∈ N, the function Fx1,...,xk(γ, •) is
infinitely differentiable with derivatives uniformly bounded in γ and x1, . . . , xk (i.e.,
the majorizing constant depends only on the order of differentiation but not on the
specific choice of γ ∈ ΓX , k ∈ N, and {x1, . . . , xk} ⊂ γ).
Let us note that, for F ∈ FC∞b (ΓX), only a finite number of coordinates of
∇ΓF (γ) are not equal to zero, and so ∇ΓF (γ) ∈ TγΓX . Thus, each F ∈ FC∞b (ΓX)
is differentiable at any point γ ∈ ΓX in the sense of Definition 1.
Remark 1 In [7], the authors introduced the class FC∞b (D,ΓX) of functions on ΓX
of the form
F (γ) = gF (〈ϕ1, γ〉 , . . . , 〈ϕN , γ〉), (3)
where gF ∈ C∞b (RN) and ϕ1, . . . , ϕN ∈ D := C∞0 (X)(:= the set of all C∞-functions
on X with compact support). Evidently, we have the inclusion
FC∞b (D,ΓX) ⊂ FC∞b (ΓX),
and moreover, the gradient of F of the form (3) in the sense of Definition 1,
∇ΓF (γ)x =
N∑
i=1
∂gF
∂si
(〈ϕ1, γ〉, . . . , 〈ϕN , γ〉)∇Xϕi(x),
coincides with the gradient of this function in the sense of [7].
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2.2 Tensor bundles and cylinder forms over configuration
spaces
Our next aim is to introduce differential forms on ΓX .
Vector fields and first order differential forms on ΓX will be identified with sec-
tions of the bundle TΓX . Higher order differential forms will be identified with
sections of tensor bundles ∧n(TΓX) with fibers
∧n(TγΓX) = ∧n(L2(X → TX ; γ)),
where ∧n(H) (or H∧n) stands for the n-th antisymmetric tensor power of a Hilbert
space H. In what follows, we will use different representations of this space. Because
of (1), we have
∧n(TγΓX) = ∧n
(⊕
x∈γ
TxX
)
. (4)
Let us introduce the factor space Xn/Sn, where Sn is the permutation group of
{1, . . . , n} which naturally acts on Xn:
σ(x1, . . . , xn) = (xσ(1), . . . , xσ(n)), σ ∈ Sn.
The space Xn/Sn consists of equivalence classes [x1, . . . , xn] and we will denote by
[x1, . . . , xn]d an equivalence class [x1, . . . , xn] such that the equality xi1 = xi2 = · · · =
xik can hold only for k ≤ d points. (In other words, any equivalence class [x1, . . . , xn]
is a multiple configuration in X , while [x1, . . . , xn]d is a multiple configuration with
multiplicity of points ≤ d.) We will omit the lower index d in the case where n ≤ d.
In what follows, instead of writing [x1, . . . , xn]d : {x1, . . . , xn} ⊂ γ, we will use the
shortened notation [x1, . . . , xn]d ⊂ γ, though [x1, . . . , xn]d is not, of course, a set.
We then have from (4):
∧n(TγΓX) =
⊕
[x1,...,xn]d⊂γ
Tx1X ∧ Tx2X ∧ · · · ∧ TxnX, (5)
since for each σ ∈ Sn the spaces Tx1X ∧ Tx2X ∧ · · · ∧ TxnX and Txσ(1)X ∧ Txσ(2)X ∧
· · · ∧ Txσ(n)X coincide.
Thus, under a differential form ω of order n, n ∈ N, over ΓX , we will understand
the mapping
ΓX ∋ γ 7→ ω(γ) ∈ ∧n(TγΓX).
We denote by ω(γ)[x1,...,xn]d the corresponding component in the decomposition (5).
In particular, in the case n = 1, a 1-form V over ΓX is given by the mapping
ΓX ∋ γ 7→ V (γ) = (V (γ)x)x∈γ ∈ TγΓX .
5
For fixed γ ∈ ΓX and x ∈ γ, we consider the mapping
Oγ,x ∋ y 7→ ωx(γ, y) := ω(γy) ∈ ∧n(TγyΓX),
where γy := (γ \ {x}) ∪ {y}, which is a section of the Hilbert bundle
∧n(TγyΓX) 7→ y ∈ Oγ,x (6)
over Oγ,x. The Levi–Civita connection on TX generates in a natural way a connec-
tion on this bundle. We denote by ∇Xγ,x the corresponding covariant derivative, and
use the notation
∇Xx ω(γ) := ∇Xγ,xωx(γ, x) ∈ TxX ⊗ (∧n(TγΓX))
if the section ωx(γ, ·) is differentiable at x. Analogously, we denote by ∆Xx the
corresponding Bochner Laplacian associated with the volume measure m on Oγ,x
(see subsec. 3.2 where the notion of Bochner Laplacian is recalled).
Similarly, for a fixed γ ∈ ΓX and {x1, . . . , xn} ⊂ γ, we define a mapping
Oγ,x1 × · · · × Oγ,xn ∋ (y1, . . . , yn) 7→ ωx1,...,xn(γ, y1, . . . , yn) :=
= ω(γy1,...,yn) ∈ ∧n(Tγy1,...,ynΓX),
where γy1,...,yn := (γ \ {x1, . . . , xn}) ∪ {y1, . . . , yn}, which is a section of the Hilbert
bundle
∧n(Tγy1,...,ynΓX) 7→ (y1, . . . , yn) ∈ Oγ,x1 × · · · × Oγ,xn (7)
over Oγ,x1 × · · · × Oγ,xn.
Let us remark that, for any η ⊂ γ, the space ∧n(TηΓX) can be identified in a
natural way with a subspace of ∧n(TγΓX). In this sense, we will use expressions of
the type ω(γ) = ω(η) without additional explanations.
A set FΩn of smooth cylinder n-forms over ΓX will be defined as follows.
Definition 3 FΩn is the set of n-forms ω over ΓX which satisfy the following con-
ditions:
(i) there exists a compact Λ = Λ(ω) ⊂ X such that ω(γ) = ω(γΛ);
(ii) for each γ ∈ ΓX and {x1, ..., xn} ⊂ γ, the section ωx1,...,xn(γ, •) of the bun-
dle (7) is infinitely differentiable at (x1, . . . , xn), and bounded together with the
derivatives uniformly in γ.
Remark 2 For each ω ∈ FΩn, γ ∈ ΓX , and any open bounded Λ ⊃ Λ(ω), we can
define the form ωΛ,γ on Oγ,x1 × · · · × Oγ,xn by
ωΛ,γ(y1, . . . , yn) = Proj∧n(Ty1X⊕···⊕TynX) ω(γ \ {x1, . . . , xn} ∪ {y1, . . . , yn}), (8)
where {x1, . . . , xn} = γ ∩ Λ. The item (ii) of Definition 3 is obviously equivalent
to the assumption ωΛ,γ to be smooth and bounded together with the derivatives
uniformly in γ (for some Λ and consequently for any Λ ⊃ Λ(ω)).
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Definition 4 We define the covariant derivative ∇Γω of the form ω ∈ FΩn as the
mapping
ΓX ∋ γ 7→ ∇Γω(γ) := (∇Xx ω(γ))x∈γ ∈ TγΓX ⊗ (∧n(TγΓX))
if for all γ ∈ ΓX and x ∈ γ the form ωx(γ, •) is differentiable at x and the ∇Γω(γ)
just defined indeed belongs to TγΓX ⊗ (∧n(TγΓX)).
Remark 3 For each ω ∈ F⊗n, the covariant derivative ∇Γω exists, and moreover
only a finite number of the coordinates ∇Γω(γ)x,[x1,...,xn]d in the decomposition
TγΓX ⊗
( ∧n (TγΓX)) = ⊕
x∈γ, [x1,...,xn]d⊂γ
TxX ⊗ (Tx1X ∧ · · · ∧ TxnX)
are not equal to zero.
Proposition 1 For arbitrary ω(1), ω(2) ∈ FΩn, we have
∇Γ〈ω(1)(γ), ω(2)(γ)〉∧n(TγΓX) =
= 〈∇Γω(1)(γ), ω(2)(γ)〉∧n(TγΓX) + 〈ω(1)(γ),∇Γω(2)(γ)〉∧n(TγΓX).
Proof. We have, for any fixed γ ∈ ΓX and x ∈ γ,
∇Xx 〈ω(1)(γ), ω(2)(γ)〉∧n(TγΓX) = ∇Xx 〈ω(1)x (γ, x), ω(2)x (γ, x)〉∧n(TγΓX)
= 〈∇Xx ω(1)(γ), ω(2)(γ)〉∧n(TγΓX) + 〈ω(1)(γ),∇Xx ω(2)(γ)〉∧n(TγΓX),
because of the usual properties of the covariant derivative ∇Xx . 
2.3 Square integrable forms
In this subsection, we will consider spaces of forms over the configuration space ΓX
which are square integrable with respect to a Poisson measure.
Letm be the volume measure on X , let ρ : X → R be a measurable function such
that ρ > 0 m-a.e., and ρ1/2 ∈ H1,2loc (X), and define the measure σ(dx) := ρ(x)m(dx).
Here, H1,2loc (X) denotes the local Sobolev space of order 1 in L
2
loc(X ;m). Then, σ is
a non-atomic Radon measure on X .
Let piσ stand for the Poisson measure on ΓX with intensity σ. This measure is
characterized by its Fourier transform∫
ΓX
ei〈f,γ〉 piσ(dγ) = exp
∫
X
(eif(x) − 1) σ(dx), f ∈ C0(X).
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Let F ∈ L1(ΓX ; piσ) be cylindrical, that is, there exits a compact Λ ⊂ X such that
F (γ) = F (γΛ). Then, one has the following formula, which we will use many times:
∫
ΓX
F (γ) piσ(dγ) = e
−σ(Λ)
∞∑
n=0
1
n!
∫
Λn
F ({x1, . . . , xn}) σ(dx1) · · ·σ(dxn). (9)
Since the measure σ is non-atomic, the sets {(x1, . . . , xn) ∈ Λn : xi = xj}, i, j =
1, . . . , n, i 6= j, have zero σ(dx1) · · ·σ(dxn) measure, and therefore the expression on
the right hand side of (9) is well-defined.
We define on the set FΩn the L2-scalar product with respect to the Poisson
measure:
(ω(1), ω(2))L2piσΩn :=
∫
ΓX
〈ω(1)(γ), ω(2)(γ)〉∧nTγΓX piσ(dγ). (10)
As easily seen, for each ω ∈ FΩn, the function 〈ω(γ), ω(γ)〉∧nTγΓX is polynomi-
ally bounded on ΓX , and therefore it belongs to all L
p(ΓX ; piσ), p ≥ 1. Moreover,
(ω, ω)L2piσΩn > 0 if ω is not identically zero. Hence, we can define the Hilbert space
L2piσΩ
n := L2(ΓX → ∧nTΓX ; piσ)
as the closure of FΩn in the norm generated by the scalar product (10).
From now on, we consider the case of 1-forms only and suppose that dimX ≥ 2.
We give another description of the spaces L2piσΩ
1. Let us recall the following well-
known result (Mecke identity, see e.g. [29]):∫
ΓX
∫
X
f(γ, x) γ(dx) pi(dγ) =
∫
ΓX
∫
X
f(γ ∪ {x}, x) σ(dx) piσ(dγ) (11)
for any measurable bounded f : ΓX ×X → R1.
Let us introduce the notations
L2σΩ
1(X) := L2(X → TX ; σ), L2piσ(ΓX) := L2(ΓX → R1; piσ).
Proposition 2 The space L2piσΩ
1 is isomorphic to the space L2piσ(ΓX) ⊗ L2σΩ1(X)
with the isomorphism I1 given by the formula
(I1V )(γ, x) := V (γ ∪ {x})x, γ ∈ ΓX , x ∈ X. (12)
Proof. Let us specify the scalar product of two cylinder 1-forms V,W ∈ FΩ1. We
have:
(W,V )L2piσΩ1 =
∫
ΓX
〈W (γ), V (γ)〉γ piσ(dγ)
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=∫
ΓX
∫
X
〈W (γ)x, V (γ)x〉γ γ(dx) piσ(dγ)
=
∫
ΓX
∫
X
〈W (γ ∪ {x})x, V (γ ∪ {x})x〉γ γ(dx) piσ(dγ),
because γ∪{x} = γ for x ∈ γ. The application of the Mecke identity to the function
f(γ, x) = 〈V (γ ∪ {x})x,W (γ ∪ {x})x〉γ
shows that
(W,V )L2piσΩ1
=
∫
ΓX
∫
X
〈V (γ ∪ {x})x,W (γ ∪ {x})x〉γ σ(dx) piσ(dγ).
The space FΩ1 is, by definition, dense in L2piσΩ1, and so it remains only to show
that I1(FΩ1) is dense in L2piσ(ΓX)⊗ L2σΩ1(X).
For F ∈ FC∞b (ΓX), and ν ∈ Ω10(X) (the set of smooth 1-forms on X with
compact support), we define a form V (γ) = (V (γ)x)x∈γ by setting
V (γ)x := F (γ \ {x})ν(x). (13)
Evidently, we have V ∈ FΩ1, and(
I1V
)
(γ, x) = F (γ)ν(x) (14)
for each γ and any x /∈ γ. Since each γ ∈ ΓX is a subset of X of zero m measure,
we conclude from (14) that
I1V = F ⊗ ν. (15)
Noting that the linear span of such F ⊗ν is dense in L2piσ(ΓX)⊗L2σΩ1(X), we obtain
the result. 
In what follows, we will denote by DΩ1 the linear span of forms V defined by
(13). As we already noticed in the proof of Proposition 2, DΩ1 ⊂ FΩ1 and is dense
in L2piσΩ
1.
Corollary 1 We have the unitary isomorphism
I : L2piσΩ1 → Exp
(
L2(X ; σ)
)⊗ L2σΩ1(X)
given by
I = (U ⊗ 1) I1,
where U is the unitary isomorphism between the Poisson space L2piσ(ΓX) and the
symmetric Fock space Exp (L2(X ; σ)), see e.g. [7].
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3 Dirichlet operators on differential forms over
configuration spaces
In this section, we introduce Dirichlet operators associated with the Poisson measure
on ΓX which act in the space L
2
piσΩ
1. These operators generalize the notions of
Bochner and de Rham–Witten Laplacians on finite dimensional manifolds.
In the two first subsections, we recall some known facts and definitions concern-
ing Dirichlet operators of Poisson measures on configuration spaces and Laplace
operators on differential forms over finite-dimensional manifolds.
3.1 The intrinsic Dirichlet operator on functions
In this subsection, we recall some theorems from [7] which concern the intrinsic
Dirichlet operator in the space L2piσ(ΓX), to be used later.
Let us recall that the logarithmic derivative of the measure σ is given by the
vector field
X ∋ x 7→ βσ(x) := ∇
Xρ(x)
ρ(x)
∈ TxX
(where as usual βσ := 0 on {ρ = 0}). We wish now to define the notion of logarithmic
derivative of the Poisson measure, and for this we need a generalization of the notion
of vector field.
For each γ ∈ ΓX , consider the triple
Tγ,∞ΓX ⊃ TγΓX ⊃ Tγ,0ΓX .
Here, Tγ,0ΓX consists of all finite sequences from TγΓX , and Tγ,∞ΓX := (Tγ,0ΓX)
′ is
the dual space, which consists of all sequences V (γ) = (V (γ)x)x∈γ , where V (γ)x ∈
TxX . The pairing between any V (γ) ∈ Tγ,∞ΓX and v(γ) ∈ Tγ,0ΓX with respect to
the zero space TγΓx is given by
〈V (γ), v(γ)〉γ =
∑
x∈γ
〈V (γ)x, v(γ)x〉x
(the series is, in fact, finite). From now on, under a vector field over ΓX we will
understand mappings of the form ΓX ∋ γ 7→ V (γ) ∈ Tγ,∞ΓX .
The logarithmic derivative of the Poisson measure piσ is defined as the vector
field
ΓX ∋ γ 7→ Bpiσ(γ) = (βσ(x))x∈γ ∈ Tγ,∞ΓX (16)
(i.e., the logarithmic derivative of the Poisson measure is the lifting of the logarithmic
derivative of the underlying measure).
The following theorem is a version of Theorem 3.1 in [7] (for more general classes
of functions and vector fields).
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Theorem 1 (Integration by parts formula on the Poisson space)
For arbitrary F (1), F (2) ∈ FC∞b (ΓX) and a smooth cylinder vector field V ∈ FV(ΓX)
(:= FΩ1), we have∫
ΓX
∇ΓV F (1)(γ)F (2)(γ) piσ(dγ) = −
∫
ΓX
F (1)(γ)∇ΓV F (2)(γ) piσ(dγ)
−
∫
ΓX
F (1)(γ)F (2)(γ)
[ 〈Bpiσ(γ), V (γ)〉γ + divΓ V (γ)]piσ(dγ),
where the divergence divΓ V (γ) of the vector field V is given by
div V (γ) =
∑
x∈γ
divXx V (γ) = 〈divX• V (γ), γ〉,
divXx V (γ) := div
X Vx(γ, x), x ∈ γ,
divX denoting the divergence on X with respect to the volume measure m.
Proof. The theorem follows from formula (9) and the usual integration by parts
formula on the space L2(Λn, σ⊗n) (see also the proof of Theorem 3 below). 
Following [7], we consider the intrinsic pre-Dirichlet form on the Poisson space
Epiσ(F (1), F (2)) =
∫
ΓX
〈∇ΓF (1)(γ),∇ΓF (2)(γ)〉γ piσ(dγ) (17)
with domain D(Epiσ) := FC∞b (ΓX). By using the fact that the measure piσ has all
moments finite, one can show that the expression (17) is well-defined.
Let Hσ denote the Dirichlet operator in the space L
2(X ; σ) associated to the
pre-Dirichlet form
Eσ(ϕ, ψ) =
∫
X
〈∇Xϕ(x),∇Xψ(x)〉x σ(dx), ϕ, ψ ∈ D.
This operator acts as follows:
Hσϕ(x) = −∆Xϕ(x)− 〈βσ(x),∇Xϕ(x)〉x, ϕ ∈ D,
where ∆X := divX ∇X is the Laplace–Beltrami operator on X .
Then, by using Theorem 1, one gets
Epiσ(F (1), F (2)) =
∫
ΓX
HpiσF
(1)(γ)F (2)(γ) piσ(dγ), F
(1), F (2) ∈ FC∞b (ΓX). (18)
Here, the intrinsic Dirichlet operator Hpiσ is given by
HpiσF (γ) : =
∑
x∈γ
Hσ,xF (γ) ≡ 〈Hσ,•F (γ), γ〉,
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Hσ,xF (γ) : = HσFx(γ, x), x ∈ γ, (19)
so that the operator Hpiσ is the lifting to L
1(ΓX ; piσ) of the operator Hσ in L
2(X ; σ).
Upon (18), the pre-Dirichlet form Epiσ is closable, and we preserve the notation
for the closure of this form.
Theorem 2 [7] Suppose that (Hσ,D) is essentially self-adjoint on L2(X ; σ). Then,
the operator Hpiσ is essentially self-adjoint on FC∞b (ΓX).
Remark 4 This theorem was proved in [7], Theorem 5.3. (We have already men-
tioned in Remark 1 that the inclusion FC∞b (D,ΓX) ⊂ FC∞b (ΓX) holds.) We would
like to stress that this result is based on the theorem which says that the image of
the operator Hpiσ under the isomorphism U between the Poisson space and the Fock
space Exp (L2(X ; σ))over L2(X ; σ) is the differential second quantization dExpHσ
of the operator Hσ.
Remark 5 In what follows, we will always assume that the conditions of the the-
orem are satisfied. It is true e.g. in the case where ‖βσ‖TX ∈ Lploc(X ; σ) for some
p > dim X, see [7].
Finally, we mention the important fact that the diffusion process which is prop-
erly associated with the Dirichlet form (Epiσ , D(Epiσ)) is the usual independent infinite
particle process (or distorted Brownian motion), cf. [7].
3.2 Laplacians on differential forms over finite-dimensional
manifolds
We recall now some facts on the Bochner and de Rham–Witten Laplacians on dif-
ferential forms over a finite-dimensional manifold.
Let M be a Riemannian manifold equipped with the measure µ(dx) = eφ(x)dx,
dx being the volume measure and φ a C2b-function on M . We consider a Hilbert
bundle
Hx 7→ x ∈M
over M equipped with a smooth connection, and denote by ∇ the corresponding
covariant derivative in the spaces of sections of this bundle. Let L2(M → H;µ) be
the space of µ-square integrable sections. The operator
HBµ := ∇∗µ∇
in L2(M →H;µ), where ∇∗µ is the adjoint of∇, will be called the Bochner Laplacian
associated with the measure µ. Differentiability of µ implies that ∇∗µ∇ is a uniquely
defined self-adjoint operator. One can easily write the corresponding differential
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expression on the space of twice differentiable sections. In the case where φ ≡ 0 and
Hx = ∧n(TxM), we obtain the classical Bochner Laplacian on differential forms (see
[19]).
Now, let d be the exterior differential in spaces of differential forms over M. The
operator
HRµ := d
∗
µd+ dd
∗
µ
acting in the space of µ-square integrable forms, where d∗µ is the adjoint of d, will
be called the de Rham Laplacian associated with the measure µ (or the Witten
Laplacian associated with φ, see [19]).
The relation of the Bochner and de Rham–Witten Laplacians on differential
forms is given by the Weitzenbo¨ck formula, which in the case of 1-forms has the
following form (see[19], [22]):
HRµ u(x) = H
B
µ u(x) +Rµ(x)u(x),
where
Rµ(x) := R(x)−∇Xβµ(x). (20)
Here, R(x) ∈ L(TxM) is the usual Weitzenbo¨ck correction term:
R(x) :=
dimM∑
i,j=1
Ricij(x)a
∗
i aj,
where Ric is the Ricci tensor on X , and a∗i and aj are the creation and annihilation
operators, respectively.
3.3 Bochner Laplacian on 1-forms over the Poisson space
Let us consider the pre-Dirichlet form
EBpiσ(W (1),W (2)) =
∫
ΓX
〈∇ΓW (1)(γ),∇ΓW (2)(γ)〉TγΓX⊗TγΓX piσ(dγ), (21)
where W (1),W (2) ∈ FΩ1. Again using the fact that piσ has finite moments, one
shows that the function under the sign of integral in (21) is integrable with respect
to piσ.
Theorem 3 For any W (1),W (2) ∈ FΩ1, we have
EBpiσ(W (1),W (2)) =
∫
ΓX
〈
HBpiσW
(1)(γ),W (2)(γ)
〉
TγΓX
piσ(dγ),
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where HBpiσ is the operator in the space L
2
piσΩ
1 given by
HBpiσW = −∆ΓW −
〈∇ΓW,Bpiσ(γ)〉γ , W ∈ FΩ1. (22)
Here,
∆ΓW (γ) :=
∑
x∈γ
∆Xx W (γ) ≡
〈
∆Γ•W (γ), γ
〉
, (23)
where ∆Xx is the Bochner Laplacian of the bundle TγyΓX 7→ y ∈ Oγ,x with the volume
measure.
Proof. Let us fix W (1),W (2) ∈ FΩ1. Let Λ be an open bounded set in X such that
Λ(W (1)) ⊂ Λ, Λ(W (2)) ⊂ Λ. Then, by using (9),∫
ΓX
〈∇ΓW (1)(γ),∇ΓW (2)〉TγΓX⊗TγΓX piσ(dγ) =
= e−σ(Λ)
∞∑
k=0
1
k!
∫
Λk
k∑
i=1
〈∇XxiW (1)({x1, . . . , xk}),
∇XxiW (2)({x1, . . . , xk})〉TxiX⊗T{x1,...,xk}ΓX σ(dx1) · · ·σ(dxk)
= e−σ(Λ)
∞∑
k=0
1
k!
k∑
i=1
∫
Λk
〈∆XxiW (1)({x1, . . . , xk})
+ 〈∇XxiW (1)({x1, . . . , xk}), βσ(xi)〉TxiX ,
W (2)({x1, . . . , xk})〉T{x1,...,xk}ΓX σ(dx1) · · ·σ(dxk)
=
∫
ΓX
〈HBpiσW (1)(γ),W (2)(γ)〉TγΓX piσ(dγ). 
Remark 6 We can rewrite the action of the operator HBpiσ in the two following
forms:
1) We have from (22) and (23) that
HBpiσW (γ) =
∑
x∈γ
HBσ,xW (γ) ≡
〈
HBσ,•W (γ), γ
〉
, W (γ) ∈ FΩ1, (24)
where
HBσ,xW (γ) := −∆Xx W (γ)−
〈∇Xx W (γ), βσ(x)〉x . (25)
Thus, the operator HBσ,x is the lifting of the Bochner Laplacian on X with the
measure σ.
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2) As easily seen, the operator HBpiσ preserves the space FΩ1, and we can always
take Λ(HBpiσW ) = Λ(W ). Then for any open bounded Λ ⊃ Λ(W )
(HBpiσW )Λ,γ = H
B
σ,Λ∩γWΛ,γ, (26)
where HBσ,Λ∩γ is the Bochner Laplacian of the manifold X
Λ∩γ := ×x∈Λ∩γXx,
Xx ≡ X , with the product measure σΛ∩γ := ⊗x∈Λ∩γσx, σx ≡ σ (cf. (8)).
It follows from Theorem 3 that the pre-Dirichlet form EBpiσ is closable in the space
L2piσΩ
1. The generator of its closure (being actually the Friedrichs extension of the
operator HBpiσ , for which we will use the same notation) will be called the Bochner
Laplacian on 1-forms over ΓX corresponding to the Poisson measure piσ.
For operators A and B acting in Hilbert spaces H and K, respectively, we intro-
duce the operator A⊞ B in H⊗K by
A⊞B := A⊗ 1+ 1⊗B.
Proposition 3 1) On DΩ1 we have
I1HBpiσ =
(
Hpiσ ⊞H
B
σ
)
I1. (27)
2) DΩ1 is a domain of essential self-adjointness of HBpiσ .
Proof. 1) Let W ∈ DΩ1. Then, for some F ∈ FC∞b (ΓX), ω ∈ Ω10(X), and any
γ ∈ ΓX , x, z ∈ γ, y ∈ Ox, we have
Wx(γ, y)z =
{
F ((γ \ {x, z}) ∪ {y})ω(z), z 6= y,
F (γ \ {x})ω(y), z = y
Thus
HBσ,xW (γ)z =
{
Hσ,xF (γ\{z})ω(z), z 6= x,
F (γ \ {z})HBσ ω(z), z = x.
Formula (27) follows now from (24) and (14).
2) The statement follows from (27) and the essential self-adjointness of Hpiσ on
FC∞b (ΓX) (Theorem 2) and HBσ on Ω10(X) (the latter fact can be shown by standard
methods similar to [21], [22]) by the theory of operators admitting separation of
variables [16, Ch.6]. 
We give also a Fock space representation of the operatorHBpiσ . Corollary 1 implies
the following
Corollary 2 We have
IHBpiσI−1 = dExpHσ ⊞HBσ ,
cf. Remark 4.
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3.4 De Rham Laplacian on 1-forms over the Poisson space
We define the linear operator
dΓ : FΩ1 → FΩ2
by
(dΓW )(γ) :=
√
2 AS(∇Xx W (γ)), (28)
where AS : (TγΓX)
⊗2 → (TγΓX)∧2 is the antisymmetrization operator. It follows
from this definition that
(dΓW )(γ) =
∑
x∈γ
(dXx W )(γ), (29)
where
(dXx W )(γ) : =
∑
y∈γ
dX(Wx(γ, x)y)
=
∑
y∈γ
√
2 AS(∇XWx(γ, x)y) (30)
with AS : TxX ⊗ TyX → TxX ∧ TyX being again the antisymmetrization. This
implies that we have indeed the inclusion dΓW ∈ FΩ2 for each W ∈ FΩ1.
Suppose that, for W ∈ FΩ1, γ ∈ γX , and x, y ∈ γ, the 1-form Wx(γ, •)y has, in
local coordinates on the manifold X , the following form:
Wx(γ, •)y = u(•)h, u : Oγ,x → R, h ∈ Ty. (31)
Then, we have
AS(∇XWx(γ, x)y) = ∇Xu(x) ∧ h, (32)
which, upon (30), describes the action of dXx .
Let us consider dΓ as an operator acting from the space L2piσΩ
1 into L2piσΩ
2.
Analogously to the proof of Theorem 3, we get the following formula for the adjoint
operator (dΓpiσ)
∗ restricted to FΩ2:
(dΓpiσ)
∗W (γ) =
∑
x∈γ
(dXσ,x)
∗W (γ), W ∈ FΩ2, (33)
where
(dXσ,x)
∗W (γ) =
∑
y∈γ
(dXσ,x)
∗Wx(γ, x)[x,y]. (34)
Suppose that, in local coordinates on the manifold X , the form Wx(•, •)[x,y] has the
representation
Wx(γ, •)[x,y] = w(•)h1 ∧ h2, w : Oγ,x → R, h1 ∈ TxX, h2 ∈ TyX. (35)
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Then, taking to notice (32), one concludes that
(dXσ,x)
∗(Wx(γ, x)[x,y]) = − 1√
2
[(〈∇Xw(x), h1〉x + w(x)〈βσ(x), h1〉x)h2
− δx,y
(〈∇Xw(x), h2〉x + w(x)〈βσ(x), h2〉x)h1] . (36)
Here,
δx,y =
{
1, if x = y,
0, otherwise.
In what follows, we will suppose for simplicity that the function ρ is infinite
differentiable on X and ρ(x) > 0 for all x ∈ X . Then, by (33)–(36)
(dΓpiσ)
∗ : FΩ2 → FΩ1.
We set also
dΓ : FC∞b (ΓX)→ FΩ1, dΓ := ∇Γ. (37)
Evidently, the restriction to FΩ1 of the adjoint of dΓ considered as an operator
acting from L2piσ(ΓX) into L
2
piσΩ
1 is given by
(dΓpiσ)
∗ : FΩ1 → FC∞b (ΓX), (dΓpiσ)∗V (γ) = − divΓ V (γ)− 〈V (γ), Bpiσ(γ)〉γ. (38)
For n ∈ N, we define the pre-Dirichlet form ERpiσ by
ERpiσ(W (1),W (2)) :=
∫
ΓX
[〈dΓW (1)(γ), dΓW (2)(γ)〉∧2(TγΓX)
+ 〈(dΓpiσ)∗W (1)(γ), (dΓpiσ)∗W (2)(γ)〉TγΓX
]
piσ(dγ),
where W (1),W (2) ∈ D(ERpiσ) := FΩ1.
The next theorem follows easily from (28)–(38).
Theorem 4 For any W (1),W (2) ∈ FΩ1, we have
ERpiσ(W (1),W (2)) =
∫
ΓX
〈HRpiσW (γ)(1)(γ),W (γ)(2)〉γ piσ(dγ).
Here,
HRpiσ := d
Γ(dΓpiσ)
∗ + (dΓpiσ)
∗dΓ, D(HRpiσ) := FΩ1,
is an operator in the space L2piσΩ
1. It can be represented as follows:
HRpiσW (γ) =
∑
x∈γ
HRσ,xW (γ) ≡
〈
HRσ,•W (γ), γ
〉
, (39)
where
HRσ,x = d
X
x (d
X
σ,x)
∗ + (dXσ,x)
∗dXx . (40)
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From Theorem 4 we conclude that the pre-Dirichlet form ERpiσ is closable in the
space L2piσΩ
1.
The generator of its closure (being actually the Friedrichs extension of the op-
erator HRpiσ , for which we will use the same notation) will be called the de Rham
Laplacian on ΓX corresponding to the Poisson measure piσ. By (39) and (40), H
R
piσ
is the lifting of the de Rham Laplacian on X with measure σ.
Remark 7 Similarly to (26), the operator HBpiσ preserves the space FΩ1, and we
can always take Λ(HBpiσW ) = Λ(W ). Then for any open bounded Λ ⊃ Λ(W ), we
have
(HRpiσW )Λ,γ = H
R
σ,Λ∩γWΛ,γ, (41)
where HRσ,Λ∩γ is the de Rham Laplacian of the manifold X
Λ∩γ with the product
measure σΛ∩γ.
Proposition 4 1) On DΩ1 we have
I1HRpiσ =
(
Hpiσ ⊞H
R
σ
)
I1. (42)
2) DΩ1 is a domain of essential self-adjointness of HRpiσ .
Proof. 1) The proof is similar to that of (27). It is only necessary to note that, for
a “constant” 1-form W such that W (γ)x = ν(x), we have evidently
(
HRσ,xw(γ)
)
x
=
HRσ ω(x).
2) The proof is similar to that of the corresponding statement for the Bochner
Laplacian HBpiσ . 
Remark 8 By similar methods, one can define Bochner and de Rham Laplacians
on n-forms over ΓX . An extension to this case of formulas (27) and (42) will have,
however, a more complicated form.
3.5 Weitzenbo¨ck formula on the Poisson space
In this section, we will derive a generalization of the Weitzenbo¨ck formula to the case
of the Poisson measure on the configuration space. In other words, we will derive a
formula which gives a relation between the Bochner and de Rham Laplacians. We
assume that the Weitzenbo¨ck correction term Rσ(x) ∈ L(TxX) (cf. (20)) is bounded
uniformly in x ∈ X .
Given an operator field
X ∋ x 7→ J(x) ∈ L(TxX) (43)
on X (with J(x) bounded uniformly in x ∈ X), we define the “diagonal” operator
field
ΓX ∋ γ 7→ J(γ) ∈ L(TγΓX), (44)
using the decomposition (1). Thus, we can define the operator field Rσ(γ).
18
Theorem 5 (Weitzenbo¨ck formula on the Poisson space) We have, for each
W ∈ FΩ1,
HRpiσW (γ) = H
B
piσW (γ) +Rσ(γ)W (γ). (45)
Proof. Let us fix W ∈ FΩ1 and γ ∈ ΓX . Let Λ ⊂ X be an open bounded set such
that Λ ⊃ Λ(W ) (cf. Definition 3), and let Oγ,x1 × · · · × Oγ,xk and WΛ,γ be as in
Remark 2. We have then, according to (26) and (41),
(HBpiσW )Λ,γ = H
B
σ,Λ∩γWΛ,γ,
(HRpiσW )Λ,γ = H
R
σ,Λ∩γWΛ,γ,
and the Weitzenbo¨ck formula for the manifold XΛ∩γ and the measure σΛ∩γ implies
that
HRσ,Λ∩γWΛ,γ(y1, . . . , yk) = H
B
σ,Λ∩γWΛ,γ(y1, . . . , yk) +R(y1, . . . , yk)WΛ,γ(y1, . . . , yk),
where the correction term R(y1, . . . , yk) ∈ L(T(y1,...,yk)XΛ∩γ) is equal to the restric-
tion of Rσ(γ) to the space T(y1,...,yk)X
Λ∩γ (considered as a subspace of TγΓX), which
is well-defined because of the “diagonal” character of Rσ(γ). It is now enough to re-
mark that the forms HRpiσW and H
B
piσW are completely defined by the corresponding
forms (HRpiσW )Λ,γ and (H
B
piσW )Λ,γ, respectively 
We can give also an intrinsic description of the correction term Rnσ(γ). To this
end, for each fixed γ ∈ ΓX , we define the operator R(γ) : Tγ,0ΓX → Tγ,0ΓX as follows:
R(γ) :=
∑
x∈γ
R(γ, x),
R(γ, x)(V (γ)y) := δx,y
d∑
i,j=1
Ricij(x)ei 〈V (γ)x, ej〉x, V (γ) ∈ Tγ,0ΓX . (46)
Here, {ej}dj=1 is again a fixed orthonormal basis in the space TxX considered as a
subspace of TγΓX .
Next, we note that
∇ΓBpiσ(γ) = (∇Xx Bpiσ(γ))x∈γ = (∇Xx (Bpiσ(γ)y))x,y∈γ
= (δx,y∇Xβσ(y))x,y∈γ ∈ (Tγ,∞ΓX)⊗2.
Hence, for any V (γ) ∈ Tγ,0ΓX ,
∇ΓVBpiσ(γ) : = 〈∇ΓBpiσ(γ), V (γ)〉γ
=
(∑
y∈γ
δx,y〈∇Xβσ(y), V (γ)y〉y
)
x∈γ
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=
(〈∇Xβσ(x), V (γ)x〉x)x∈γ ∈ Tγ,0ΓX . (47)
Thus, ∇ΓBpiσ(γ) determines the linear operator in Tγ,0ΓX given by
Tγ,0ΓX ∋ V (γ) 7→ ∇ΓBpiσ(γ)V (γ) := ∇ΓVBpiσ(γ) ∈ Tγ,0ΓX .
Proposition 5 We have
Rσ(γ)W (γ) = R(γ)W (γ)−∇ΓBpiσ(γ)W (γ).
Proof. The proposition is derived from the definition of Rσ and formulas (47) and
(46). 
4 Probabilistic representations of the Bochner and
de Rham Laplacians
Let ξx(t) be the Brownian motion with the drift βσ on X started at a point x ∈ X .
We suppose the following:
• for each x, the process ξx(t) has an infinite life-time;
• the semigroup
T0(t)f(x) := E f(ξx(t))
acting in the space of bounded measurable functions on X can be extended to
a strongly continuous semigroup of contractions in L2(X ; σ), and its generator
H0 is essentially self-adjoint on the space D (in this case H0 = −Hσ).
It follows from the general theory of stochastic differential equations that these
assumptions are satisfied if e.g. βσ ∈ C4b (X → TX).
We denote by ξγ(t) the corresponding independent particle process on ΓX which
starts at a point γ,
ξγ(t) = (ξx(t))x∈γ.
Let
T0(t)F (γ) := EF (ξγ(t)) (48)
be the corresponding semigroup in the space of measurable bounded functions on
ΓX . It is shown in [7], that it can be extended to a strongly continuous semigroup
in L2piσ(ΓX) with the generator H0 = −Hpiσ on FC∞b (ΓX).
Given the operator field (43), which is supposed to be continuous and symmetric
(i.e., J(x) = J(x)∗), we define the operator
PJξγ (t) : Tξγ(t)ΓX → TγΓX (49)
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by setting
(PJξγ (t)V )x = (P
J
ξx(t))
∗Vξx(t), V ∈ Tξγ(t)ΓX ,
where the operator
(P Jξx(t))
∗ : Tξx(t)X → TxX
is adjoint (w.r.t. the Riemannian structure of X) of the parallel translation
P Jξx(t) : TxX → Tξx(t)X
along ξx(t) with potential J. That is, η(t) = P
J
ξx
(t)h satisfies the SDE
D
dt
η(t) = J(η(t)), η(0) = h, (50)
where D
dt
is the covariant differentiation along the paths of the process ξ (see [22]).
It is known that
‖P Jξx(t)‖ ≤ etC ,
where C is the supremum of the spectrum of J(x). This implies obviously the similar
estimate for PJξγ :
‖PJξγ(t)‖ ≤ etC . (51)
Let us define a semigroup TJ1(t) associated with the process ξγ and potential J.
Definition 5 For V ∈ FΩ1, we set
TJ1(t)V (γ) := EP
J
ξγ (t)V (ξγ(t)).
Let T J1 (t) be the semigroup acting in L
2
σΩ
1(X) as
T J1 (t)ν(x) := EP
J
ξx(t)
∗ν(ξx(t)).
The following result describes the structure and properties of the semigroup TJ1(t).
Proposition 6 1) TJ1(t) satisfies the estimate
‖TJ1(t)V (γ)‖γ ≤ etCT0(t)‖V (γ)‖γ. (52)
2) Under the action of the isomorphism I1, TJ1(t) obtains the following form:
I1TJ1(t) = T0(t)⊗T J1 (t) I1. (53)
3) TJ1(t) extends to a strongly continuous semigroup in L
2
piσΩ
1.
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Proof. 1) The result follows from formula (51).
2) Let V ∈ DΩ1 be given by (13). By the definition of TJ1(t) and the construction
of the process ξγ, we have
TJ1(t)V (γ) = EP
J
ξγ(t)V (ξγ(t))
and
(TJ1(t)V (γ))x = EF (ξγ(t) \ {ξx(t)})P J1ξx (t)∗ν(ξx(t))
= EF (ξγ(t) \ {ξx(t)})Eξx P J1ξx (t)∗ν(ξx(t))
= T0(t)F (γ \ {x})T J1 (t)ν(x),
Eξx meaning the expectation w.r.t. the process ξx(t), from where the result follows.
3) The result follows from the corresponding results for semigroups T0(t) and
T J1 (t), which are well-known (see [7] resp. [22]). 
Let HJ1 and H
J
1 be the generators of T
J
1(t) and T
J
1 (t), respectively.
Now we give probabilistic representations of the semigroups TBpiσ(t) and T
R
piσ(t)
associated with operators HBpiσ and H
R
piσ , respectively. We set J0 = 0, J1(x) = Rσ(x)
(cf. (20)). Let us remark that P J0ξx (t) ≡ Pξx(t) is the parallel translation of 1-forms
along the path ξx, and we have H
J0
1 = −HBσ and HJ11 = −HRσ on Ω10(X). We have
the following
Theorem 6 1) For W ∈ DΩ1, we have
HBpiσW = −HJ01 W, HRpiσW = −HJ11 W. (54)
2) As L2-semigroups,
TBpiσ(t) = T
J0
1 (t), T
R
piσ(t) = T
J1
1 (t). (55)
3) The semigroups TBpiσ(t) and T
R
piσ(t) satisfy the estimates:
‖TBpiσ(t)V (γ)‖γ ≤ T0(t)‖V (γ)‖γ
and
‖TRpiσ(t)V (γ)‖γ ≤ etCT0(t)‖V (γ)‖γ.
Proof. 1) It follows directly from the decomposition (53) that, on DΩ1, we have
I1HJ1 =
(
H0 ⊞H
J
1
)
I1. (56)
Setting J = J0 and J = J1 and comparing (27) and (56), we obtain the result.
2) The statement follows from (54) and the essential self-adjointness of HBpiσ and
HRpiσ on DΩ1 by applying Proposition 6, 3), with J = J0 and J = J1, respectively.
3) The result follows from (55) and (52). 
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